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A linearized theory of the forced radial oscillations f a gas bubble ina liquid is pre'sented. Particular 
attention is devoted to the thermal effects. It is shown that both the effective polytropic exponent and the 
thermal damping constant are strongly dependent on the driving frequency. This dependence is illustrated 
with the aid of graphs and numerical tables which are applicable to any noncondensing gas-liquid 
combination. The particular case of an air bubble in water is also considered in detail. 
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INTRODUCTION 
In a recent work a new experimental technique was 
suggested which appears capable of permitting accu- 
rate measurements of the damping as well as other 
characteristics of the forced radial oscillations of a gas 
bubble in a liquid. • In the course of that study, it was 
realized that a clear and straightforward theory of this 
process sufficiently general to describe any noncondens- 
ing gas-liquid combination, and at the same time easily 
applicable to specific cases, was not available in the 
literature. For example, the frequently quoted paper 
by I)evin, •' based on the earlier work of Pfriem, 3 con- 
tains several approximations which, while affecting the 
applicability of the results obtained, can be very easily 
removed. In addition, the approach of these authors is 
based on an ad hoc Lagrangian formulation which tends 
to obscure the physical aspects of the process. For 
these reasons it appeared appropriate to reconsider the 
problem anew, and to give a straightforward treatment 
of the small-amplitude forced oscillations of gas bub- 
bles based on the conservation equations of continuum 
mechanics. In analogy with previous studies, a-5 our 
analysis is based on the linearized formulation of the 
problem. However, we dispense with the approxima- 
tion of uniform pressure inside the bubble, which was 
used in Refs. 2 and 3. It is found that pressure nonuni- 
formities may have interesting effects at very high fre- 
quency. 
As is well known, the aspect of this problem that 
tends to complicate the analysis is the thermal interac- 
tion of the bubble with the surrounding liquid. This ef- 
fect determines the magnitude of the natural frequency 
of the bubble or, alternatively, of the effective poly- 
tropic exponent which is often used in a pressure-vol- 
ume relationship to describe the oscillations. The 
thermal, damping is'also very important, because it 
normally is the dominant mechanism of energy dissipa- 
tion. A secondary objective of this work is to present 
results for both these quantities in an easily accessible 
form. To this end we make use of the fact that, to a 
very good approximation, it is possible to combine the 
driving frequency, the bubble radius, and the relevant 
physical properties of gas and liquid into two dimen- 
sionless quantities, which are then used for the con- 
struction of charts and tables. In addition, the particu- 
lar case of an air bubble in water is considered in de- 
tail, and the functional dependence of the polytropic ex-' 
ponent and the damping on the driving frequency and the 
radius is shown. 
We need not dwell here on the reasons of practical 
interest in bubble oscillations, which are amply docu- 
mented in the references given below. It is safficient 
to mention the fields of ultrasonic cavitation, sound 
propagation in the ocean, and the flow of bubbly liquids. 
I. THE EQUATION OF MOTION FOR THE 
OSCILLATIONS 
We consider a spherical gas bubble in an unbounded 
liquid, subject to a steady sound field of wavelength 
that is large compared with the bubble radius. Under 
these conditions the bubble is set in forced radial oscil- 
lation. s, whose governing equation can be readily ob- 
tained from the condition of continuity of the normal 
stress across the bubble interface 
P,.- P..t= 2•/R + 41zl•/R , (1) 
where Pin, Pext are the pressures acting on the inner 
and outer sides of the interface, e and /• are the surface 
tension and the viscosity of the liquid, and • =dR/dr. 
Viscous effects of the gas contained in the bubble are 
neglected. In the linearized theory, the external pres- 
sure is given by the superposition of the contributions 
of the driving sound field and the acoustic radiation from 
the bubble 
Pext=Po(l+ eei•t)+P,, a . (2) 
Here P0 is the average ambient pressure and ß is the 
dimensionless amplitude of the sound field whose fre- 
quency is co. It is assumed that ß <<1; the limitations 
posed by this assumption are briefly considered at the 
end of this section. The radiated pressure P,aa is re- 
lated to the velocity potential in the liquid, X, by 
P,a•=-p•Ox(R,t)/Ot , (3) 
where p• is the liquid density. With the aid of the re- 
sult 0,• 
x(r, t)= - t•R•rq(1 +icoRo/c )q exp[- ico(r - Ro)/C ] , (4) 
where r is the radial coordinate measured from the 
center of the bubble, c the speed of sound in the liquid, 
and R0 the equilibrium radius of the bubble, Eq. (2)be- 
comes 
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Psxt = Po( 1 + ß e •t) + P•Ro•( 1 + iwRo/c )'• . (5) 
The value of the pressure Pin acting on the gas side 
of the bubble wall can only be obtained by solving the 
complete (linearized)fluid mechanical problem in the 
gas. For the time being, we assume that its deviation 
from the equilibrium value Ptn,e• is small so that, if 
we let 
ptn=pt•,oa+PoP(Ro, t) , (6) 
the dimensionless quantity p is of order ß, IPt<< 1. 
From Eq. (1) the well-known relation between the equi- 
librium values of pressure and radius follows immedi- 
ately, 
Pin.eq - Po = 2(rR• [ ß 
•'o treat the case of small-amplitude oscillations we 
linearize the right-hand side of Eq. (1) by letting 
R = R0(1 + x) , 
with Ixl << 1, and we neglect all powers of x and of its 
derivatives higher than the first. By Eqs. (5) and (6), 
Eq. (1) then becomes 
! + iCOno/C + 4•3- 2crn•x=Po[P(no, t)- •e •] . (•) 
The quantity x may be taken to have the same time de- 
pendence as the sound field, so that • = iwx, • =- w•'x. 
With these substitutions, from Eq. (7)we obtain 
ß eiø't-P(Ro, t) 
x = - a _ w•.(1 + iwRo/c )'• - aw + 4ivwR• •' ' (8) 
where u= •t/p• is the kinematic viscosity of the liquid 
and the notation 
ot = Po/P, Ro •, w = 2rr/RoPo 
has been introduced. 
The computation of the perturbation pressure P(Ro, t) 
is lengthy but straightforward and is given in the last 
section. Let us only remark here that, in its deriva- 
tion, the linearized equations of mass and momentum 
in the gas, and of energy both in the gas and in the liquid, 
are solved exactly with the appropriate boundary condi- 
tions. The momentum equation in the liquid is satis- 
fied by Eq. (3) and the continuity equation by Eq. (4). 
The final result for x is 
x= - [- w•'(1 + iwRo/c )q - aw + 4ivcoR• •' 
+ o•"(a/p•)qo]'•ea e •* . (9) 
In this equation p• is the equilibrium density of the gas 
and the complex quantity rp is a function of w, R0, and 
the physical properties of the liquid and the gas, and 
includes all thermal effects. Its discussion will be the 
object of Sec. II. 
Rather than taking into account in detail the processes 
occurring in the bubble interior, it is often convenient 
to make use of a pressure-volume relationship of the 
polytropic type and to describe the thermal losses by 
means of an ad hoc dissipative term which may be 
thought of as arising from an effectively increased liq- 
aid viscosity. The dependence of these quantities on 
the parameters of the problem can be readily deter- 
mined if one writes 
pta=pta,eq(Ro/R)3K _ 4/it. , 
where K is the polytropic exponent and gth the additional 
effective "thermal" viscosity. Then, from Eq. (6), 
PoP(Ro, t)= Pt,,,ea[ (Ro/R)Sg _ 1] - 
,.,_ 3KPln.eqX- 4/1 th} ß 
Substitution of this expression into Eq. (7) and rear- 
rangement of terms gives ø 
(4 /l +/lth wRø/c Ji + + ( •ORo/C )•' O• Ro • 1+ 
+ (3K Ptn,eq_ 2(r (WRo/c) •' •) p,R• p,R•+l+(wRo/ )•W x=-eae '•'. (10) 
Comparing •is equation with that of a damped harmonic 
oscillator, 
• + 2• + w•x= - ea e *•t (11) 
in which • is the damping constant and •0 •e natur• 
frequency, it is possible to identify the •scous, ther- 
mal, and acoustic contributions to • (•= •,t, + •th+ •a•)as 
•,is = 2•/p, R•, 
•th = • t•/P• R•, 
: no/C ) [ + ( no/C , 
and the natur• frequency as 
+ (•no/C)a[ • + (•no/C)a]'• •a. (• •) 
H in this last equa•on the acoustic contribution is dis- 
regarded, a well-known expression for the natur• fre- 
quency of the bubble is obtained, which, in terms of the 
ambient pressure P0, may be written 5'ø 
• = 3•P0 1+ 2a/PoR 0 2a 
The acoustic contribution represents an addition to the 
stiffness of •e system and owes its presence to the mo- 
mentum imparted to the liq•d. •0 Since c is of the or- 
der of 10 5 cm/sec, this effect tends to be im•rtant o•y 
for relatively large bubbles at •gh frequencies. 
The unknown quantities g th and • can now be deter- 
mined by setting •=iwx, • =- wax in Eq. (10), solving 
for x, and comparing with Eq. (0). The reset, which 
will be discussed in the following section, is 
• (•4) •th = w9•R•Im•, 
The average energy E absorbed by the bubble during 
one cycle is given by 
E =• P0(1 + •e•t)4xRa• dt, 
and can be readily computed from Eq. (11)with •e re- 
s•t 
•: •a(•0)a•(4xn0/p, )[(•[ - ea)a + 4•a•a] -• , 
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which is formally the same as one would find for a har- 
monic oscillator of equivalent mass 4•rR•p• subject to 
an external force 4•rR•EPoe i'"t. One may define a cross 
section % dividing E by the incident energy flux I, which 
for a plane wave is given by I= (EPo)2/cp• (Ref. 6. Sec. 
64); the result is 
• = 4•-n0c [(•0 • _ •-)•- + 4•%•'] -• . 
Alternatively, the damping may be expressed in nondi- 
mensional form in the manner of Refs. 2 and 3, defin- 
ing a loss angle 5 by 
• = 2•/•0 • . 
The most stringent assumption introduced in the 
present study is that of the smallness of the amplitude 
of the bubble-wall motion. It is interesting to discuss 
what limitation this poses on the dimensionless pres- 
sure amplitude •. First of a11, it should be noticed 
that, as was shown elsewhere, n for small bubbles the 
"effective" pressure amplitude • is strongly influenced 
by surface tension and is given by 
, • = (l+w)q• , 
and hence •, rather than e, should be small. Setting an 
actual upper bound on • is rather difficult. In general, 
the amplitude A of the oscillations will be of the order 
of 
n ~ {[(•/•0)"- •]"+ 4(•/•0)"}"/"•, 
so that the error in our results should be within about 
10%, provided that this quantity is smaller than ~ 0.3. 
The applicability of this estimate, however, is limited 
by the fact that a linearized theory cannot account for 
the harmonic and subharmonic components in the re- 
sponse. In the vicinity of the frequency regions corre- 
sponding to these resonances [i.e., for co ~ (m/nCOo, 
with m and nintegers] the amplitude of the motion may 
be significantly greater than A as defined above, in 
spite of the fact that, formally, it is of order •m+,. 
From the results of Ref. 11 we may infer that for 
• •> 0.1 and • •< 0.2 our expressions are accurate within 
10%-15%, even near the first harmonic (CO~ '•CO0). The 
error decreases with increasing • and/or decreasing •. 
II. THERMAL EFFECTS 
As can be seen from Eqs. (14) and (15) the complex 
quantity rp describes all the thermal effects associated 
to small-amplitude bubble oscillations. The quantities 
on which it is found to depend most strongly can be 
grouped into two dimensionless parameters defined as 
G•. = MD•CO/yReT** , 
C•.= oon•/D, 
where M is the molecular weight of the gas contained in 
the bubble, Dg=kg/p, c v,g is its thermal diffusivity, 
y=c•,g/cv,• is the ratio of its specific heats, Rg is the 
universal gas constant, and T. is the liquid tempera- 
ture. 
The physical meaning of G• can be made clear by not- 
ing that the speed of sound in the gas is given by c•' 
= •/(R•/M)T., and that the penetration depth of the ther- 
mal effects below the bubble surface in one cycle is of 
the order of (D•/co) •/•'. G• is therefore essentially the 
square of the ratio between the thickness of the layer in 
which conduction causes significant temperature 
changes and the wavelength of the sound in the gas: 
C• = c •/ oo ' 
Alternatively, since D e- Xcg, where X is the mean free 
path of the molecules in the gas, x•' we see that 
• -c•/co ' 
i.e., that G x is of the order of m•nitude of the ratio 
between the mean free path and the wavelength, so that 
it can be expected to be a very small quantity for any 
liquid-gas combination under a very wide set of condi- 
tions. The parameter G• is essenti•ly the square of 
the ratio be•een the bubble tabus and the thermal 
penetration depth. 
Additional quantities that enter in the expression for 
• are the parameters 
G • = wR•/D• , 
where D•= k•/p•c•,• is the therm• diffusivity of the liq- 
•d, and 
k = k •/k• 
is the ratio between the liq•d and the gas •ermal con- 
ductivities. It is shown in Sec. • below that the ex- 
plicit expression for q is 
kf(r•- r•)+ x•r•- x•r• (16) 
•=kf(x•r•- x•r•)- x•x•(r•- r•) ' 
where •a 
r•,•= i + G• •[(i- G•)•+ 4iG•/y] •/• , 
X,=•coth•-l, i=l,g, 
(•,) 
•,• (•TG=½-Gt •[(i-Gt)=+ 4iG•/T]•/*}) •/• 
f= 1+ (1 +i)(•Ga) •/• . 
In •ew of the smallness of G• the above expressions 
can be appro•mated as follows' 
r• = z(i + c•/•)+ o(c•), 
r,= z[(•- x)/•]c• + o(c•), 
(xs) 
= 'c •/ " o(c•)}, • (z +i)(• •) •{z + •,[(•- z)/•]c•+ 
•= (c•c•) •/• ½ + •[(•--x)/•]c• + o(c•)}. 
The absolute value of the quanUty kf is in most cases a 
large number, both because the therm• conducti•ty of 
the liquid is much larger than that of the gas, and the 
•erm• diffusion length in the liq•d (D,/w) x/z is sm•l 
compared to the radius in the range of frequencies and 
radii of interest. Hence one can appro•mate Eq. (16) 
by 
• = •[ z + (•f)'• + o(•f)'•], 
where 
• = rz- rz 
xxF z- xzFz ' (19) 
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FIG. 1. The effective polytropic exponent K, Eq. (21), as a 
function ofthe parameter G 2 for a diatomic gas (?= ?5-). The 
numbers labeling the curves are the corresponding values of G 1. 
rr,. x'-)" (20) E z = rz- r•. x•r•.- x•.r• ' 
In view of the complex analytical expression of the func- 
tion (p, it is perhaps of some interest to present in 
graphical form the information contained in Eq. (16). 
For simplicity, we consider only the zero-order ap- 
proximation ß and the first-order correction E•, since 
both these quantities depend only on the parameters G• 
and G •.. The specific case of an air •'"•"-'" •" ,•,,,,.• ,,, water will 
be considered in Sec. IlL 
From Eq. (15) it is seen that the polytropic exponent 
is given by 
•: = « yGzG •. Req• , 
or, approximately, 
K -• «7C•C•. Re• . (21) 
This relation is illustrated in Figs. 1 and 2 for fixed 
values of • for the case of a diatomi½ gas (y=•) and of 
a monatomic gas (y=•), respectively. When the bubble 
radius is smaller than the thermal diffusion length it is 
seen that the thermal behavior is isothermal for small 
values of •.. This result can be easily established in 
general for the complete function (p by taking the limit 
G•--0, •.--0 in Eq. (16). For larger values of •. the 
potytropic exponent increases toward the adiabatic lim- 
it K = •, •4 which is attained provided that Cz is not too 
large; over a large range of values of •. this behavior 
is practically independent of Gr. For still greater val- 
ues of •., • decreases very rapidly and (although not 
shown in the figures) actually starts oscillating between 
positive and negative values. 
These characteristics can be readily explained by a 
consideration of the pressure distribution within the 
bubble. From the results of Sec. IV below, it is seen 
that one has the following perturbation pressure distri- 
bution within the bubble: 
p(r, t) "' • e'• t(Ro/r)A•. {sinh(fi•?/Ro) 
+ [(7- 1)/y]G• exp[- ({-7G•.) •/•']Ao sinh(•r/Ro)}, 
(22) 
where A0 and A•. are two complex quantities of order 
one. Clearly, the second term is normally much small- 
er than the first one, so that for I•.l small [i.e., ap- 
proximately (GtG•.) •/•' small, see Eq. (18)], the pres- 
sure distribution is very nearly independent of r. No- 
tice that, according to the interpretation of Gt and G•. 
given above, one has 
(GtG•.)t/•.,,, Ro c•/w ' (23) 
so that the pressure is practically uniform in the bubble 
as long as the wavelength in the gas is much larger than 
the bubble radius. In this situation the value of the 
polytropic exponent depends only on the thermal behavi- 
or of the bubble as a whole. We find an isothermal 
pressure-volume relationship if the thermal diffusion 
length is of the order of the bubble radius or larger 
(i.e., G•.< 1), and an adiabatic one if the thermal diffu- 
sion length is smaller than the radius; this behavior 
will also be very nearly independent of G•. However, 
when G•, and hence-co, are so large that pressure non- 
uniformities in the bubble are important, the effective 
pressure-volume relationship experienced by the bubble 
wall in its motion is the one pertaining to the local 
pressure distribution in the vicinity of r=R 0. It is 
clear from Eq. (22) that the pressure distribution cor- 
responds to a standing wave, so that p(R0, t) may be 
positive as well as negative during a volume contrac- 
tion, depending on the spacial phase of this wave, i.e., 
essentially, on [fi•.[. In the former case one has a 
"normal" pressure-volume relationship, in the sense 
that the pressure increases with decreasing volume and 
K is positive. In the latter case, however, the pressure 
decreases with decreasing volume, and • < 0. Since 
[•[ increases without bound as the frequency increases, 
it is •een that there is no asymptotic limit to • as 
co--•o. It is clear, however, that if • is negative, the 
oscillatory regime under investigation is unstable, and 
hence the model adopted in the present study is invalid. 
It appears likely that the steady state corresponding to 
this situation would be one of large-amplitude oscilla- 
tions, which, however, may be impossible to observe 
because of the instability of the spherical shape. From 
Eq. (23) we may estimate that these abnormal situa- 
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FIG. 2. The effective polytropic exponent K, Eq. (21), as a 
function ofthe parameter G2 for a mortatomic gas (?= •. The 
numbers labeling the curves are the corresponding values of G1. 
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FIG. 3. The nondimensional thermal damping constant B, Eq. 
(25), as a function of the parameter G 2 for a diatomic gas 
(• = •. The two curves correspond tothe values G 1 = 10 -s and 
G1--10 -s. The dashed line is Pfriem's result, Eq. (26). 
be observed in a frequency domain in which acoustic ef- 
fects in the liquid are still small. 
Clearly, when the internal pressure nonuniformity 
becomes appreciable, the polytropic exponent K loses 
its thermal meaning, but retains a mechanical one in 
the sense that it determines the pressure acting on the 
bubble wall during the oscillations, i.e., the effective 
compressibility of the bubble. Therefore there is no 
contradiction between the present findings and the fact 
that, as discussed by Plesset, ts the high-frequency os- 
cillations are isothermal. Indeed, this statement refers 
to the thermal behavior of the thermodynamic system 
constituted by the bubble as a whole, rather than to the 
pressure-volume relationship. We may illustrate this 
' ' I ' ' I ' '•1 ' ' I ' ' I ' ' I ' ''l ' ' 
0.1 
i - 0.08 
0.06 
0.04 
o.o / \, 
. 
o 
o-' , ,o io ,o ,o ,0 5 Io ,o ? 
FIG. 4. The nondimensional thermal damping constant B, Eq. 
(25), as a function of the parameter G 2 for a monatomic gas 
(T = •. The two curves correspond to the values G1 = 10 -9 and 
G 1 = 10 -s. The dashedline is Pfriem's result, Eq. (26). 
,• •' = 7/• I0 -9 '_ 
I0-' I I0 10 a 10 z 104 105 106 10 ? Io 
FIG. 5. The real part (full lines} and the imaginary part 
(broken line} of the first order correction El, Eq. (20), for a 
diatomic gas as a function of the parameter 02. The numbers 
along the ouryes of ReEl are the oorrespondin• values of 
The values of ImE• oorresponding to different values o• 
are indistinguishable within the thiokness of the line. 
overall thermodynamic behavior by noting that the in- 
stantaneous increase in the internal energy of the bub- 
ble is given by 
•0 R iX U•t)=4•rc•., [T(r, t) - T.]r•'dr . ('24) 
The temperature field in the bubble is also associated 
with a standing wave. As the frequency increases, the 
number of wavelengths contained in the bubble in- 
creases without bound, so that the regions where 
T(r, t)> T• tend to compensate those where T(r, t)< T•, 
and the integral in (24) becomes very small. t6 
The imaginary part of (I,, which determines the ther- 
mal dissipation, is shown in Figs. 3 and 4. Actually, 
to avoid the necessity of an excessive number of orders 
of magnitude on the ordinate scale, the quantity plotted 
is 
xG (25) B=s •G2Im (I' , 
which is essentially the dimensionless thermal damping 
constant •7 5th = 2•thW/W• defined by Pfriem 3 and Devin. 2 
In both these figures the only slight dependence on the 
parameter G• should be noticed. A more detailed illus- 
tration of the characteristics of the thermal damping 
will be made in the following section. 
Notice that for very large Gz and G•-O, one readily 
obtains from Eq. (19) 
B ~ 3(1' - 1)(2yO•.) '•/•' , (26) 
a result first given by Pfriem. • This curve is also 
plotted in Figs. 3 and 4, and it is seen to be in agree- 
ment with the exact one for G 2 very large and Gx = 10 '9. 
However, since this result holds only for a bubble with 
a uniform internal pressure, one expects it to be in 
error for' greater values of Gx, as indeed is seen in the 
figures. 
Finally, in Figs. 5 and 6 we plot the first-order cor- 
rection E•, Eq. (20). It is seen that in the range of pa- 
rameters of concern in practice, this quantity is at most 
of order 1, so that the error in using the approximate 
function ß instead of the complete result q0 is of order 
I kfl'•, and hence generally small. For instance, for 
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FIG. 6. The real part (full lines) and the imaginary part 
(broken line) of the first order correction E•, Eq. (20), for a 
diatomic gas as a function of the parameter G 2. The numbers 
along the curves of Re E• are the corresponding values of G•. 
The values of ImE 1 corresponding to different values of G• are 
indistinguishable within the thickness of the line. 
an air bubble in water at 20 ø C one has ,•f •- 23.2[ (1 
. i)8.6c '/*' . 1]. 
III. EXAMPLE' AIR BUBBLES IN WATER 
The characteristics of the various effects discussed 
in the previous sections can be better appreciated in a 
specific example. In view of its practical interest we 
consider here the case of an air bubble in water. •8 -Fig- 
ures 7-11 show the dimensional damping constant • as 
a function of the sound frequency for bubble radii of 1, 
10 '•, 10 '•', 10 '3, and 10 '4 cm, respectively. The open 
I i 
R, I O- I cm 
I I I I r Ii I 
10 3 
i0 z THERMAL 
ACOUSTIC 
io 
,o • ,o' •o' 
co (sec-') 
FIG. 8. The total dimensional damping constant/• for R 0 = 10 -1 
cm as a function of frequency co. The thermal and acoustic 
contributions are shown. Not shown is l•he viscous one which 
has the constant value •vts=2. The open circle marks the 
value of the damping constant at resonance. 
circle on the curves marks the damping at the resonant 
frequency, which coincides with the values given by 
Chapman and Plesset. 5 It is seen that, except for the 
smallest value of the radius, •th i.s the dominant contri- 
bution at the lower frequencies, but that it steadily de- 
creases and becomes less important as •0 increases. 
These features may seem inconsistent with the fact 
IO 
i II I i i i i i i 
I 0 2 I 0 • 10 4 I 0 5 
w (sec-•) 
FIG. 7. The total dimensional damping constant /• forR 0= 1 
cm as a function of frequency r•. The thermal and acoustic 
contributions are shown. Not shown is the viscous one which 
has the constant value/•vts= 0.02. The open circle marks the 
value of the damping constant at resonance. 
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o' ,o' ,o' ,o' 
co (sec-•) 
FIG. 9. Thetotaldimensionaldampingconstant /• for R0=10 -2 
,cm as a function of frequency co. The thermal and acoustic con- 
tributions are shown. The open circle marks the value of the 
damping constant at resonance. 
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FIG. 10. The total dimensional damping constant/• for R 0 
-10 -3 cm as a function of frequency co. The thermal, acoustic, 
and viscous contributions are shown. The open circle marks 
the value of the damping constant at resonance. 
stated above that both the low- and the high-frequency 
oscillations are essentially isothermal. Actually, one 
must realize that at low frequency the behavior is iso- 
thermal because the thermal energy associated to com- 
pressions and expansions of the bubble is conducted 
away by the liquid at nearly the same rate at which it is 
produced. On the other hand, at high frequency the 
bubble oscillates isothermally because, as was dis- 
R ß I C•4crn 
// 
10 6 -- 
_ 
T 
i o • 
• i I I I I I I0 I I • J IllJOe I 0 7 I I 0 9 
•o (sec -•) 
FIG. 11. The total dimensional damping constant • for R 0 
= 10 '4 cm as a function of frequency co. The thermal, acoustic, 
and viscous contributions are shown. The open circle marks 
the value of the damping constant at resonance. 
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i I I 
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FIG. 12. The effective resonant frequency of the bubble coo as 
a function of the impressed frequency co, Eq. (12). The broken 
line represents the purely thermal contribution, Eq. (13). 
cussed in connection with Eq. (24), the net internal en- 
ergy variations are small. 
The acoustic contribution Bac dominates at high fre- 
quency. It appears from the figures that the two con- 
tributions from Btb and Bac balance near the resonant 
frequency of the bubble. •9 This fact is a coincidence 
peculiar to the system investigated, as is clear from 
the fact that, for fixed •o and Ro, the thermal dissipa- 
tion depends primarily on the parameters of the gas 
(i.e., G• and G•., see Sec. II), whereas the acoustic one 
is determined by the sound velocity in the liquid. The 
viscous damping B, t8 is independent of the frequency 
and, as is well known, its importance increases rapidly 
with decreasing radius. 
Thermal and acoustic processes affect also the natu- 
ral frequency of the bubble, which thus becomes a func- 
tion of •o. Figure 12, which is a plot of Eq. (12), illus- 
trates this relationship. The isothermal behavior at 
low frequencies lasts longer for the smaller bubbles re- 
flecting the proportionality of G•. to wry. At a frequency 
of about ten times the resonant frequency, acoustic ef- 
fects become important and the natural frequency in- 
creases very sharply. At the same time, the effective 
polytropic exponent starts decreasing, with a corre- 
sponding decrease in the purely thermal contribution to 
the natural frequency defined by Eq. (13) and indicated 
in the figure by a broken line. 
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•Adlus R 0 t'o• an ai• bubb[e in water. •he curves co•espond- 
_7 in• to pu•ety isothe•mat (K= 1) and pu•ety adJAbaHc (K-•) 
oscillations a•e also shown. 
Finally, in Fig. 13 the value at resonance of the quan- 
tity w0R 0 (i.e., the natural frequency normalized by the 
equilibrium radius) is plotted against the equilibrium 
radius. For comparison, the natural frequency corre- 
sponding to purely isothermal (• = 1) and purely adiabatic 
(• =•-) oscillations is also shown. 
IV. THE BUBBLE INTERIOR 2ø 
Let us denote by p, P, and T• the local values of den- 
sity, pressure, and temperature in the gas, and by T z 
the temperature in the liquid. We assume that the de- 
viation of these quantities from their equilibrium value 
is small, and we let 
p =p•(1 +•/), P =P0(1 +w+p) , 
Te=T•(I+0•), Tz =T•(I +Ot) . 
All second- and higher-order terms in •1, P, Og, and 0t 
will be neglected. The equation of state of the gas 
P = (Re/M)pT becomes then 
p=(l+w)(Oe+•) , (27) 
and the equations of conservation of mass and momen- 
tum in the gas can be written 
i O(r•u)_0 (28) Or ' 
Ou+P0 ap 
a-•- p,•rr =0' (29) 
where u is the gas velocity. The equations of conserva- 
tion of energy in the gas and in the liquid are 
1 O (r •. oO,.• (1 +w) O•/_ 1 r •' r •1 +P0 (30) keT• at D e at ' 
1 a (r •.ao,• 1r • Or •r-r/-•, at ' (3i) 
The boundary conditions associated to this system of 
equations are those of continuity of temperature and 
heat flux at r =R0, 
O•(Ro, t) = Oe(Ro, t) , (32a) 
aOz 0-• (R0, t) (32b) 
- k, •-•-r 0•0, t) =- k• 'Or ' 
and the kinematical condition 
u(Ro, t)=dR/dr. (32c) 
For this purely radial motion the tangential stresses 
ß vanish identically, so that the requirement of their con- 
tinuity is trivially satisfied. The condition on the nor- 
mal stresses, Eq. (1), has already been imposed. 
It is now assumed that the time dependence of the 
various quantities is that of the sound field, so that the 
operator O/at can be replaced by iw. In this way com- 
bining Eqs. (28) and (29) we have 
Po O(r•OP ) •1 = - p•of.r •  r •rr ' (33) 
Furthermore, expressing 0, in terms of the equation of 
state [Eq. (27)], from Eqs. (30) and (33) we obtain 
Or 4 + LP0(1 + w) - i y Or 2 DeP0(1 + w)(rp) =0, 
where the relation y = 1 +P0(1 + w)D,/k,T• has been used. 
The solution of this equation which is finite at the origin 
can be expressed as 
p = (Ro/r)[A• sinh(fi•r/Ro) +A•. sinh(fi•.r/Ro)]½ e i•t , (34) 
where fi• and fi• are given by Eq. (17) andA•,A• are 
complex constants to be determined from the boundary 
conditions. From Eq. (34) expressions for •, •e, and 
• are readily derived and will not be written downø The 
relevant solution of Eq. (31) bounded at infinity is 
ß I 1 , O, =Aa(Ro/r)exp[-(1 +•)(•C•.) /•'r/Ro]½ e•t (35) 
with A a another complex constant. The three boundary 
conditions Eq. (32) are now used to determine A•, A•., 
andA a. The result is 
A• = - F•.(X•. +kf)/( A sinhfi•) , (36a) 
A a = rl(x 1 + kf)/(A sinhfi2 ) , (36b) 
- - x,.)exp[(1 +i)(«G•.)•/•']/[G•(1 + w)A], 
where the various symbols have the same meaning as 
in Sec. II, and 
A = F•X• - F•.X•. +kf(r• - r•.) 
+ •o'•'(p,/p,) [(r• - r•.)x•x•. +kf(x•.r• - x•r•.)] 
X [co2(1 + iwRo/c) '• +qw - 4vieoR,a]. 
With the aid of Eqs. (34) and (36), the step leading from 
Eq. (8) to (9) is readily proven. 
In conclusion, we would like to make some comments 
on an apparent inconsistency in our treatment of the 
liquid. The solution of the momentum and continuity 
equations in terms of a potential [Eqs. (3) and (4)] re- 
quires the approximation of a compressible fluid under- 
going isentropic motion, whereas the form of the energy. 
equation (31) is appropriate for an incompressible me- 
dium of varying temperature. This procedure is justi- 
fied, however, if one can show that thermal effects in 
the dynamic equations are small, and similarly that 
compressibility effects in the energy equation are small. 
Concerning the first aspect of the matter, notice that 
temperature changes in the liquid in practice extend 
only to a very thin shell, the thickness of which is ap- 
proximately given by the diffusion length (Dt/w) 1/•'. 
This nonisothermal layer would become important dy- 
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namically only at frequencies so high that it is com- 
parable to the wavelength of sound in the liquid. For 
water these frequencies are of the order of 1014 sec 'l, 
which shows the negligible importance of this effect. It 
may also be observed that the speed of sound in liquids G 2 
is not very sensitive to temperature. For instance, 0.1 
data for water show that in the neighborhood of 25 øC, 0.2 
dc/dT, •-240 cm/sec, which introduces an error in the 0.5 
value of c of less than 3%, even for temperature changes 1 
as large as + 20 øC. •'• 2 
5 
The second question of compressibility effects in the 
energy equation of the liquid can be clarified by ob- 
serving that if liquid diffusivity is defined as D• = k•/ 
p•cv,•, compressibility introduces an additional term in 
the right-hand side of Eq. (31) which may be written as 
(a/D,)V 'u,. Here a =(p,/cv,,)(3S/3p) r or, equivalently, 
o• =-(p,/T)(3T/ep,)s , and S denotes the entropy of the 
liquid. Inclusion of this correction adds to Eq. (35) 
the new term 
ag(wRo/c)•'(1 + iooRo/c)(1 - iooD,/c)'•(Ro/r) expico(t - r/c). 
While small terms of order (WRo/C) •' have been retained 
in the calculations presented here, the (dimensionless) 
constant a is usually so small that this term can be dis- 
regarded. For instance, again in the ease of water at 
room temperature, a is of the order of 5x 10 '•'. 
ACKNOWLEDGMENT 
The author wishes to express his gratitude to Profes- 
sor MiRon S. Piesset for many helpful discussions. 
TABLE A1. Numerical values of K, Eq. (21), and B, Eq. (25). 
for G• = 10 -7. 
_7 . 5 10-7 '• - T '¾ - [ 
TABLE A2. Numerical values of K Eq. (21) and B Eq. (25), 
for G•=10 -8 .
_7 10-8 ? - T ,y _ 5 -¾ 
5x104 
105 











K ?B x 10 K ?B x 10 
1. 000 0. 0220 1. 000 0. 0409 
1. 000 0. 0521 1. 000 0. 0880 
1. 001 0.132 1. 001 0. 221 
1. 003 0. 263 1. 005 0.438 
1. 011 0. 508 1. 019 0. 841 
1. 053 1. 029 1. 091 1. 658 
See Table Alfor5<G 2<5x104 
1. 395 0. 0444 1. 658 0. 0805 
1. 397 0. 0315 1. 661 0. 0571 
1. 398 0. 0223 1. 662 0. 0405 
1. 398 0. 0141 1. 664 0. 0257 
1. 398 0. 0100 1. 664 0. 0182 
1. 397 7.07x 10 -3 1. 663 0. 0128 
1. 395 4.45 x 10 -3 1. 660 8.10 x 10 -3 
1. 390 3.13x 10 -3 1. 655 5.69x 10 -3 
1. 381 2.18x 10 -3 1. 644 3.97x 10 -3 
1. 353 1.33x 10 -3 1. 610 2.41x 10 -3 
1. 304 8.71x 10 -4 1. 552 1.58 x 10 -3 
1. 202 5.23x 10 -4 1. 430 9.51x 10 -4 
0. 847 1.64x 10 -4 1. 008 2.99x 10 -4 
APPENDIX 
We present here in tabular form part of the numeri- 
cal values used in the construction of Figs. 1-4. The 
data for G• =10 '7 and 0.1<G•.-<5x10 7 are given in Table 
A1. Table A2 refers to the case G• =10 '•. , The entries 
corresponding to 5 < G•. < 5 x 10 4 have been omitted since 
they coincide to the last digit given in the table with 
those of Table A1. For the sake of brevity a similar 
procedure has been adopted for G1 = 10 '• (Table A3), 
G 2 g TB x 10 K '•B x 10 
0.1 1. 000 0. 0265 1. 000 0. 0444 
0.2 1. 000 0. 0533 1. 000 0. 0888 
0.5 1. 001 0. 133 1. 001 0. 221 - 
1 1. 003 0. 263 1. 005 0. 438 G1 = 10 -9 
2 1. 011 0. 509 1. 019 0. 841 
5 1. 053 1. 029 1. 091 1. 659 G2 
10 1. 124 1. 283 1. 201 2. 023 0.2 
20 1. 194 1. 212 1. 310 1. 947 0.5 
50 1. 264 0. 967 1. 425 1. 615 1 
102 1. 302 0. 767 1. 491 1. 310 2 
2 x 102 1. 330 0.588 1. 540 1. 021 5 
5x 102 1. 355 0.399 1. 586 0. 704 
103 1. 368 0. 292 1. 609 0. 520 
2 x 103 1. 378 0.212 1. 626 0. 379 5 x 104 
5 x 103 1. 386 0.137 1. 641 0.246 105 
104 1. 390 0.0978 1. 648 0. 177 2 x 105 
2 x 104 1. 393 0. 0697 1. 654 0.126 5x 105 
5 x 104 1. 395 0.0443 1. 658 0. 0804 106 
105 1. 396 0.0314 1. 660 0.0571 2 x 106 
2 x 105 1. 396 0. 0223 1. 660 0. 0404 5 x 106 
5 x 105 1. 394 0. 0141 1. 659 0. 0255 107 
106 1. 390 9.88 x 10 -3 1. 654 0. 0180 2 x 10 ? 
2 x 106 1. 381 6.90x 10 -3 1. 643 0.0125 5x 10 ? 
5 x 106 1. 352 4.19 x 10 -3 1. 610 7.61 x 10 -3 108 
10 ? 1' 304 2.75x 10 -3 1. 552 5.00 x 10 -3 2 x 108 
2 x 107 1. 201 1.65x 10 -3 1. 430 3.01 x 10 -3 5 x 108 
5 x 107 0. 847 5.20 x 10 .4 1. 008 0. 946 x 10 -3 109 
TABLE A3. Numerical values of g, Eq. (21), and B, Eq. (25), 
for G1 = 10 -9. 
3 
K ?B x 10 K ?B x 10 
1.000 7.03x 10 -3 1. 000 0. 0500 
1. 001 0. 120 1. 001 0.210 
1. 003 0. 259 1. 005 0. 434 
1. 011 0. 507 1.019 0. 840 
1. 053 1. 029 1. 091 1. 658 
See TableA1 for 5<G 2<5x10 • 
1. 396 0. 0444 1. 658 0. 0805 
1. 397 0. 0315 1. 661 0. 0571 
1. 398 0. 0223 1. 663 0. 0405 
1. 399 0. 0141 1. 664 0. 0257 
1. 399 0. 0100 1. 665 0. 0182 
1. 399 7.08x 10 -3 1. 665 0. 0129 
1. 399 4.48 x 10 -3 1. 665 8.15 x 10 '3 
1.399 3.17 x 10 -3 1. 665 5.76 x 10 -3 
1. 398 2.24x 10 -3 1. 664 4.07x 10 -3 
1. 395 1.41x 10 -3 1. 661 2.56 x 10 -3 
1. 391 9.90x 10 -4 1. 655 1.80x 10 -3 
1. 381 6.91 x 10 -4 1. 644 1.26 x 10 -3 
1. 353 4.19 x 10 -4 1. 610 7.62 x 10 -4 
1. 304 2.75 x 10.4 1. 552 5.01 x 10.4 
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TABLE A4. Numerical values of K, Eq. (21), and B, Eq. (25), 
for G 1 = 10 -6. 
G 2 K •/B x 10 K ?B x 10 
0.1 1. 000 0. 0267 1. 000 0. 0444 
See Table A1 for 0.1 < G 2 < 2 x 10 '• . 
2 x 10 '• 1. 377 0. 212 1. 626 0.379 
5 x 10 '3 1. 385 0. 137 1. 640 0. 246 
104 1. 389 0. 0977 1. 647 0. 176 
2 x 104 1. 391 0. 0695 1. 652 0. 126 
5 x 104 1. 391 0. 0441 1. 653 0. 0799 
105 1. 388 0. 0311 1. 650 0. 0564 
2 x 105 1. 379 0. 0217 1. 640 0. 0395 
5 x 105 1. 351 0. 0132 1. 608 0. 0240 
10 • 1. 303 8.69 x 10 -'• 1. 551 0. 0158 
2 x 106 1. 201 5.23 x 10 -3 1. 430 9.50 x 10 -:• 
5 x 106 0. 847 1.65 • 10 '3 1. 008 3.00 x 10 -3 
TABLE A5. Numerical values of K, Eq. (21), and B, Eq. (25), 
for G 1 = 10 -5. 
Gl=10 -5 ?=.{- 
G 2 K ?B x 10 K •B x 10 
0.1 1. 000 0. 0267 1. 000 0.0444 
See Table A1 for 0.1 < G•, < 5 • 102. 
5 x 102 1. 355 0. 398 1. 585 0. 704 
103 1. 367 0. 292 1. 608 0. 520 
2 x 103 1. 376 0. 211 1. 624 0. 378 
5 x 10 '• 1. 381 0. 136 1. 635 0. 245 
104 1. 381 0. 0966 1. 638 0. 174 
2 x 104 1. 374 0. 0679 1. 632 0. 123 
5x 104 1. 348 0. 0415 1. 603 0. 0753 
105 1. 301 0. 0274 1. 547 0. 0497 
2 x 105 1. 200 0. 0165 1. 427 0. 0300 
5 x 105 0. 847 5.25 x 10 -'3 1. 008 9.53 x 10 -'• 
TABLE A6. Bounds for the validity of the approximation (A2) 
for • = •. 
G• A t A u B• B u Ct C u Dt D u 
10 -9 5 109 20 2x108 200 5x108 5x10 '• , 108 
10 -8 5 108 20 2 x 107 200 5 x 107 5 x 103 107 
10 -7 5 107 20 2 x 106 200 107 5 x 103 106 
10 -6 5 106 20 2 x 105 200 108 5x 103 105 
10 -5 5 105 20 2 x 104 400 5 x 104 ...... 
G• = 10 's (Table A4), and O• = 10 '5 (Table A5); the reader 
is referred to Table A1 for all the entries omitted in 
these tables. 
Finally, we observe that the expression- 
• = 3(O•O•.)'• {1 +iY -1 [2G• + 3O•(f]•a- 1)]} (A1) y ' 
'with f]•a given by 
•a (l+i)(•TC•) •/• +•i•C• (A2) 
approximates •, Eq. (19), in ceftin ranges of values 
of the p•ameters G• and G• as follows: 
TABLE A7. Bounds for the validity of the approximation (A2) 
_5 for •- •-. 
G• A t A u B• B u C t C u Dt D u 
10 -9 10 109 50 2 x 108 500 5 x 10 a 104 
10 -a 10 10 • 40 4 x 10 7 500 7 x 10 7 10 4 
10 '7 10 1.5 x 107 40 3 x 106 500 7 x 106 104 
10 -6 10 1.2 x 10 • 30 3 x 105 500 7 x 105 104 






A t < O•. <A u , 
Bt < G•. < B u , 
C t < O•. <C u , 
D t < O•. <Du, 
I Re( - I < 0.10, 
I Re( - I < 0.02, 
I Irn( - &)/Irn I < 0. 
I Im( - I < 0. o2. 
The constants At, Au, Bt, Bu, Ct, Cu, D•, and D u are 
functions of both G• and y. Approximate values for 
these quantities are given in Table A6 (7 =•-) and in 
Table A7 (7=•). Equation (A1) is obtained by observ- 
ing that, for I zl large, one has cothz ~ 1, so that, for 
G•. large enough, X• ~/•- 1. Also, for small G•, by a 
straightforward Taylor expansion, one has 
X2F • - X•F 2 = - •iG•G 2 -iG• - 3i- y O•. +O(O .
Inserting this expression in the denominator of Eq. (19) 
and expanding again for small G• one readily obtains 
Eq. (A1). 
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